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NASA TT F-10,061 

STRESSES NEAR AN ELLIPTICAL HOE3 SUBJECT TO FLUCTUATING FRESSURE 

V. D. Kubenko 

An analys is  i s  presented of t h e  stressed state of a 

t h i n  i n f i n i t e  p l a t e  with a nea r ly  c i r c u l a r  ho le  with 

a time-variable pressure applied t o  t h e  edges of t h e  

hole.  A so lu t ion  i s  obtained using a modification of 

t h e  "perturbed boundary shape" method, proposed by 

Savin and Guz' for t h e  so lu t ion  of s t a t i c  problems 

of s t r e s s  concentration near noncircular holes i n  

e l a s t i c  s h e l l s .  U s i n g t h i s  method, t h e  problem i s  

reduced t o  t h e  so lu t ion  of two Helmholtz equations. 

It i s  shown t h a t  a t  ce r t a in  frequencies t h e  stress 

concentration i s  higher by 15 t o  20 percent than i n  

t h e  s t a t i c  case. 

A so lu t ion  i s  presented f o r  t h e  s t a t e  of s t r e s s  i n  a t h i n  i n f i n i t e  p l a t e  /133* 
+e 5 p tes3L" rc  V B r q L M j  

with a hole  whose edges a r e  subjected,,according t o  t h e  law e miat. It i s  assumed 

t h a t  t h e  contour r o f ' t h e  hole i s  close t o  a c i r c l e  i n  t h e  sense t h a t  the  /134 

func t ion  z = W  ( E ) ,  which c a r r i e s  out the  conformal transformation of an i n f i n i t e  

plane & having a hole cons is t ing  of a s ing le  c i r c l e  t o  t h e  i n f in i t e  p h i e  z 

* Numbers given i n  margin ind ica t e  pagination i n  o r i g i n a l  foreign t e x t .  
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w i t h  a hole r , has t h e  form 

where z=reiO;f=Qefy~ a. i s  t h e  r ad ius  of t h e  c i r c u l a r  hole which i s  approached by 

t h e  c a t o w  P. 
With appropriate values of IT and,E w e  ob ta in  an e l l i p t i c ,  t r i a n g u l a r  or 

square hole  (ref.  2 ) .  The  method o f  t h e  perturbed boundary (ref.  1) i s  used i n  

a form proposed.in reference 3 f o r  solving s t a t i c  problems assoc ia ted  with s t r e s s  

concentration near noncircular ho les  i n  e l a s t i c  s h e l l s .  

We introduce t h e  dimensionless q u a n t i t i e s  
. - .  

where r i s  t h e  r a d i a l  coordinate; t i s  t i m e ;  u and v a r e  t h e  r a d i a l  and t a n g e n t i a l  

displacementlrespectively; E, G, and 9 a re , r e spec t ive ly> the  Young's modulus, t h e  

shear modulus, and the Poisson r a t i o ;  c2 is t h e  ve loc i ty  of t ransverse  waves;dO 

i s  t h e  amplitude of t h e  pressure  applied at t h e  contour;d,, as, z,,prethe components 

of t h e  s ta te  of s t r e s s ;  ,,u is t h e  density;  0 i s  t h e  angular frequency. 

The problem i s  reduced t o  two Helmholtz equations 

wi th  t h e  add i t iona l  boundary conditions 

n r  1; Znslr=O!, a ' I  =- 

Here 'Q a n d y  are r e spec t ive ly  the  po ten t i a l s  of l ong i tud ina l  and t ransverse  waves 
I J 



which are associated w i t h  t he  displacement vec tor  by means of t h e  following re- 

l a t  ionship 
I, 

.V(U?V) =;'P+;xRs, 

-P 
where k i s  the  u n i t  vector normal t o  the plane of t h e  p l a t e ;  E a -  1 -v  . 

2 
The conditions of r ad ia t ion  must be added t o  conditions ( 4 ) .  

Below we use only designations introduced by equations ( 2 ) .  Therefore t h e  

bars  over  t h e  letters are omitted. 

equation (1) f o r  an e l l i p t i c  hole w i t h  semiaxes a and b .  

We obtained t h e  following expressions from 

where d i s  t h e  angle between t h e  r a d i a l  d i r e c t i o n  and t h e  normal t o  t h e  l i n e s  

i n  t h e  z plane represent ing  t h e  transformation of t h e  l i n e s  =const i n  t he  P 
plane Y . 

L e t  us expand r, 8, eia i n  power series of E . If  6 des igna tes  orp), 

/13 5 w e  can obta in  t h e  following expansions 

L e t  us represent  t h e  components of the state of s t r e s s  and of t h e  functions 

y ( r , @ ) , y ( r , 0 )  by means of the following series e 
OD OD 

cp (r ,  e) = 23 (r,  0); 9 ( r .  e) = e'q! (r,  e); 
i = O  i=O c.9 
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To determine a,,, us, zn, i n  terms of t h e  components of s t r e s s  i n  t h e  po la r  

coordinates we make use of t h e  following equations 

Here 

\ 

a,, = urcos2 a + ue sin2 a + 2rre sin acos a; 

us = u, sin2 a + ue cos2 a - 2zr, s y  a cos a; i 

zn, = (ue - 0,) sin acos a + T~, (co9a - sin’ 

Subs t i t u t ing  these  expansions in to  (3 ) ,  (71, and (6), and c o l l e c t i n g  t h e  

coe f f i c i en t s  f o r  each power of 6 , we obta in  equations for the  j - t h  approxi- 

mat ion 

whose so lu t ion  i s  

where E($’ i s  t h e  

The boundary 

Hankel function of the f i rs t  kind. 

conditions have t h e  form 

4) Ir = f ,  (v); zg  = f z  (Y).\ 

I n  equations (9)  t h e  r i g h t  p a r t  i s  determined from the  preceding f 136 

approximations, while t h e  opera tors? ,  ,y). i n  t h e  l e f t  par t  coincide with the  
J J  

corresponding operators f o r  determining s t r e s s e s  using t h e  po la r  coordinates?,? . 
The r e s u l t i n g  expressions f o r  the s t r e s s e s  with an accuracy up t o  &’ have 

t h e  following form 

4 
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Figure. 

The real p a r t s  R i n  (10) give t h e  s t r e s s e s  f o r  t = O ,  while t h e  imaginary p a r t s  I 

give t h e  so lu t ions  for t=4 , T =  dTf . The absolu te  valuesAexpress t h e  maximum 

stresses. 

T V J  
0 

If we l e t &  tend  t o  zero i n  (10) and make use of t h e  asymptotic p rope r t i e s  

of c y l i n d r i c a l  func t ions ,  w e  obtain expressions i n  t h e  l i m i t  which coinclde with 

t h e  expansion of t h e  stresses corresponding t o  t h e  s t a t i c  problem i n  powers of 

E . This s i t u a t i o n  makes it poss ib le  t o  e s t a b l i s h  t h e  convergence of the  so lu-  

t i o n  obtained. Thus, for t h e  example c i t e d  below, t h e  e r r o r  i n  determining 69 

along t h e  contour of t h e  hole,  whenu-rO, i s  less than 1 . 5  percent.  

The numerical r e s u l t s  are obtained f o r  & =  1/7, which corresponds t o  a/b = 4/3. 

Calcula t ions  were c a r r i e d  out for2 d.28. Table 1 shows t h e  values dmnlaZ as a 

func t ion  of f~ when w= 1 , a , 3  . Table 2 shows t h e  va r i a t ion  i n  along the 

contour of t h e  hole. The corresponding values of r and 0 a r e  determined by ( 5 ) .  

The drawing shows t h e  va r i a t ion  i n  t h e  maximum stress 6 s  a t  t h e  contour of 

t h e  ho le  as a function of t h e  frequency when 0 = 0, T/2. I n  t h e  s t a t i c  case w e  

have 

5 
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The middle curve i s  constructed for a c i r c u l a r  hole ,  while t h e  upper and lower 

curves are f o r  an e l l i p t i c a l  hole w i t h  0 =T/2 and 0 = 0. 

Thus, as w e  can see from t h e  figure, f o r  some values of t h e  frequency t h e  

stress concentration is g rea t e r  than 15-20 percent than i n  t h e  s t a t i c  case.  

REFERENCES 

1. Morse, F. M. and Fashbach, G. Methods of Theoret ical  Physics (Metody t e o r -  

eticheskoy f i z i k i ) .  I .  L.,  1958. 

2. Muskhelishvili ,  N.  I. Some Basic Problems of t h e  Mathematical Theory of 

E l a s t i c i t y  (Nekotoryye osnovnyye zadachi matematicheskoy t e o r i i  uprugos t i ) ,  

AN SSSR, 1954. 

3. Savin, G. N .  and Guz', A. N .  The S ta t e  of S t r e s s  Mear a cu rv i l i nea r  Hole i n  

She l l s  (0  napryazhennom sostoyani i  okolo krivolineynykh o t v e r s t i y  v oboloch- 

kakh), I z v .  AN SSSR, Ser iya "Mekhanika i Mashinostroyeniye," No. 6, 1964. 

6 


